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Surface Waves on a Rotating Fluid
RICHARD SKALAK* AND JOHN F CoNLYf

Columbia University, New York, N Y

Small-amplitude waves on the free surface of a liquid rotating at constant angular velocity
about a vertical axis are studied analytically and experimentally In the experiments, sur-
face waves are produced by mounting a rotating cylinder partially filled with water on a vi-
bration table and oscillating the entire assembly vertically Subharmonic waves are found
to occur as in the nonrotating case, but in the presence of rotation a larger forcing amplitude
is required to produce instability A synchronous response, i e , at the forcing frequency,
not present in the nonrotating case is also predicted and observed Depending on whether
the surface wave frequency is greater or less than twice the rotational speed, the governing
field equation is either elliptic or hyperbolic The elliptic case is similar to the nonrotating
case, and the disturbance decays rapidly with depth In the hyperbolic case there is no decay
of the motion with depth The results may be of interest in connection with sloshing in
missile fuel tanks

I Introduction

WAVES on the surface of a rotating fluid have been of
interest in meteorological and tidal problems for some

time and more recently in connection with sloshing in missile
fuel tanks The case of a tidal basin under uniform rotation
about a vertical axis was considered by Kelvin1 and Lamb2 on
the assumptions of shallow-water theory In a fuel tank,
shallow-water theory is not applicable, and Miles3 extended
the analysis to a fluid of arbitrary depth for this purpose
However, Miles retained the assumption of small slope of the
free surface, implying a relatively slow rate of rotation The
present analysis removes this restriction and considers, in
addition, the excitation and stability of the various modes
under a forced vertical vibration of the tank Experimental
results confirm the theoretical predictions for both the natural
frequencies and stability of various modes On the whole,
theoretical and experimental frequencies are in close agree-
ment with Miles7 theory 3

The waves considered are small oscillations of the free sur-
face, which is parabolic in the presence of a uniform rotation
and gravity In the absence of gravity, the free surface be-
comes a cylindrical cavity, and free vibrations in this case
have been studied by Phillips4 and by Miles and Troesch 5

Forced vibrations of rotating fluids with no free surface pres-
ent have been considered by a number of authors 6~10 In
such motions and in the surface-wave case, the governing
field equation is either elliptic or hyperbolic, depending on
whether the frequency of the vibratory motion is greater or
less than twice the rotational frequency For surface waves,
the elliptic case is similar to the nonrotating case, and the
disturbance decays rapidly with depth In the hyperbolic
case, the oscillations do not die out away from the free surface

The results may be of interest in situations where the grav-
ity field is small and a rotation is applied to the tank The
results probably do not have much bearing on the vibrations
of the vortex formed during draining of a tank, since the rota-
tional motion is then quite different from the rigid-body
rotation assumed

II Formulation

A circular cylindrical tank partially filled with an inviscid
incompressible liquid is considered rotating about its vertical
axis with angular velocity o> A forced vertical harmonic
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motion is assumed to be superimposed with an acceleration
Ng sin£2£, where g is the acceleration of gravity, N is a positive
number, 12 is the forcing frequency The motion of the fluid
is described by a velocity field q relative to the tank plus the
rigid-body motion of the tank The velocity q thus defined
is relative to a coordinate system moving vertically with the
forced harmonic motion and rotating with angular velocity
CO

The equation of motion in the moving coordinate system is

(dq/dO + (q V)q + 2o> X q + <o X (o> X R) =
- V [(p/p) + gz(l + N sinta) ] (2 1)

where R is the position vector, p the pressure, p the mass
density, and z the vertical coordinate measured upwards It
is convenient to work in terms of an acceleration potential %
defined by

x = (P/P) - gz* + gz(l + N si (22)
where z0 is given by

The scalar r is the distance from the axis of rotation, and a
is the radius of the cylinder The plane free surface for the
system at rest is chosen as z = 0, so that z = ZQ is the free
surface under rigid-body rotation

The convective term (q V)q in (21) is neglected on the
grounds that the wave motion is small; then, on the assump-
tion of a harmonic time factor eifft in q and %> Eq (21) may
be written as

+ 2o> X q = — V% (24)

Equation (2 4) can be solved for q in terms of % Let u, v, w
be the components of q with respect to cylindrical coordinates
r, 6, z Then

Vdr ~ 7 50 )

- ̂  + *v* ̂  (2 5)r 50 ?~
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where
= 2co/cr (26)

and & is the frequency of the surface waves
Substituting (2 5) in the equation o continuity, V Q = 0,

yields the final field equation on %'

V2* ~ = 0 (27)

Equation (2 7) with N = 0 reduces to the case treated in
Ref 3

Solutions of (27) are required satisfying appropriate
boundary conditions On the free surface the pressure is
zero However, to include the effect of damping in an ap-
proximate manner, it is convenient to postulate a pressure at
the surface proportional to the vertical velocity of the surface
and always opposing the motion Since the slope of the
free surface is coV/0, the velocity of the free surface normal to
itself is

[w - u(a*r/g)][l + (<o2r/</)2]'1/2

The vertical velocity of the surface is then

(2 8)

(2 9)

Replacing p in (2 2) by pv times (2 9), where v is a pseudo-
viscosity, the dynamical surface condition is

x = v[w - u(w*r/g)] + Ngzo sinta + 0f(l + N sinflfc) (2 10)
to be satisfied on z = ZQ + f , where f (r, t) is the vertical dis-
placement of the surface A kinematic condition must also
be satisfied on the free surface, namely, that the suiface
velocity df /d£ be equal to (2 9) :

on z = z0 + f (211)
Assuming a harmonic time factor e*<<7*, (2 10) and (2 11) can
be combined in the form

X = Ngz0 smttt + [0(1 + N sinQO(^)-1 + p] X
[w-u(«V0)] (212)

Equation (2 12) will be applied on z = 20 rather than z = ZQ
+ f , since f is assumed to be small

The boundary condition on the walls and bottom of the
tank is, of course, that the normal component of q vanishes

III Solution for the Elliptic Case

When /x is less than unity, the equation on %> (27), is
elliptic In this case a solution can be achieved by separa-
tion of variables using parabolic coordinates £1, £2 defined in
terms of r, z by

(z - M2) ~ 1 / 2 1 / 2

(31)

where the positive square root is taken throughout The
constant h locates the parabolic coordinates with respect to
the origin of z and will be selected so that the parabolic free
surface coincides with a surface £2 = const Figure 1 shows
coordinates, £1, £2 for h = 0

In parabolic coordinates, Eq (2 7) becomes

sin0 sin<9

d(cos0)d(cos6>) fef2

which is separable assuming that % =

where rw is an integer The separated equations are

1 Parabolic cooi dinates, elliptic case

1 d / dxA& * v6 a&r v (34)

where & is a separation constant The general solution of
(3 3) is a linear combination of the Bessel functions Jm(kj-i)
and Ym(ki;i), but Ym is not used here because it is singular at
fi = 0 A linear combination of modified Bessel functions
Im(kt;z) and Km(k%2) satisfies (3 4), but Im is not used because
solutions that decay with depth are anticipated The solu-
tion considered is

X = AmJm(k&)Kn(k&e«" +
where Am is a complex amplitude

Consider the free surface to be given by
The inverse of (3 1) is

(35)

= const =

(36)

Substituting £2 for £2 and ZQ from (2 3) for z yields an equation
that must hold for all £1:

M2)1/2 - 2/i =
which requires

and

11/2

(3 7)

(38)

(39)
The free surface condition (2 12) now applied on £2 = £2 may
be written in parabolic coordinates using Eqs (25, 31, 38,
and 3 9) The result is

X = & (1 - + + v] X

2 - on & = (3 10)

Free Vibrations

Substituting (3 5) into (3 10) with N = v = 0 yields the
frequency equation for free, undamped surface waves:

~2 - D = 0 (3 11)
For m = 0, the roots of (3 11) determine the frequency a- of

axisymmetric waves as a function of the wave number k
Numerical results are plotted in Fig 2 in dimensionless form
in terms of p = 2co/cr and X defined by

X = - M2)174 (312)
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FREQUENCY EQ (SURFACE CONDITION)

FOR m = 0 X

' 0 2 .4 6 6 10

Fig 2 Wave number vs fi equency, m = 0, elliptic case

If m = ±M, where M is a positive integer, two different
values of <r are found satisfying (3 11) for given values of M
and k, depending on whether m = +M or m = —M This
indicates that waves propagating in the direction of rotation
represented by ei(^ffi ~ m^ have a different frequency than
waves of the same shape traveling in the opposite direction,
represented by el^at + Md^ This phenomenon is referred
to as frequency splitting3 and is due to the rotation The
roots of (3 11) for m = ±1 and m — ±2 are shown in Figs
3 and 4

The waves just described are possible motions of a rotating
fluid extending to infinity in r and in depth These waves
may also take place in containers that are made up of surfaces
£1 = const and £2 = const (Fig 1) If the side wall is given
by £1 = const = £i«,, the condition qn — 0 at the wall is

= 0 (313)
Equation (3 13) determines the wave number k once y, m,
and £i«, are given Solutions of (3 13) are plotted in Figs 5
and 6 for m = ±1 and m = ±2 These figures show the
first two of the infinite number of branches which exist for
each m These solutions do not satisfy the boundary condi-
tions for a circular cylindrical tank with vertical walls
However, if the radius at the intersection of £1 = &«, and the
free surface is taken equal to the cylinder radius a, the theo-
retical frequencies agree very well with experimental values
for a circular cylindrical tank

The boundary condition at the bottom of the tank is
neglected because (3 5) decays rapidly with depth The
bottom boundary condition could be satisfied by adding a
term involving Im(k^z) to (3 5), but the correction will be
small except for shallow depths of fluid

Forced Vibrations

With N > 0, the free surface condition (3 10) determines
the response of the fluid to a vertical vibration of the tank
Forced vibrations are considered by setting the surface wave
frequency cr equal to the forcing frequency 12 The solution
may be written as a Fourier-Bessel series of the form

X = = i
where the kmn are the roots of (3 13) Equation (3 14) is to
be substituted into the free surface condition (3 10) Before
doing so, the term N sin!2£ in the factor (1 + N sin 122) is
dropped from (3 10) because the resulting disturbance that
has been assumed small is proportional to N In the last
term of (3 10), the factor N sin!2£ is retained as it is the forcing
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Fig 3 Wave number vs frequency, m — =bl, elliptic case

function, but it is replaced by Ne*Qt The forcing term is
also expanded into a Fourier-Bessel series using

= 4 (315)

Substituting (3 14) and (3 15) into (3 10) and equating coef-
ficients of Jm(kmn^i)eim9 allows solution for the amplitudes
Amn Since the forcing term (3 15) contains only ra = 0, it
follows that Amn = 0 for m ^ 0 Hence the motion is axi-
symmetric For m = 0,

A0n =

/id) +
(I - tob)]-1 (316)

It is notable that every axisymmetric mode shape is excited
at every forcing frequency Resonance occurs at each fre-
quency of free vibration, but the amplitudes are finite for
v > 0 The motion goes to zero as o> approaches zero and
has no counterpart in a nonrotating fluid

Subharmonics

The response of a nonrotating fluid to vertical vibration is
zero except for narrow ranges of the forcing frequency cen-
tered at cr, 2cr, 4<r, , etc , where cr is a frequency of a mode
of free vibration n Within these zones, the plane free sur-
face is unstable, and the response is infinite according to linear
theory, but is in fact limited by nonlinear effects 12 The \
subharmonic, i e , the response at forcing frequency 2<r, is
the most prominent and is the only response easily produced
experimentally 12

The \ subharmonic is also predicted and observed for a
rotating fluid To study the \ subharmonic, a is set equal to
\ & In this case, the term (1 + N sinQO in (3 10) is retained,
since the existence of the |- subharmonic depends on the para-
metric excitation due to this term, and the amplitude of the
forced vertical vibration of the tank need not be small It is
convenient to study the stability of one mode shape at a time
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Fig 4 Wave number vs frequency, m = ±2, elliptic case



FEBRUARY 1964 SURFACE WAVES ON A ROTATING FLUID 309

WAVE NUMBER EG (WALL CONDITION)

FORM-. k f . X

Fig 5 Wave numbers for finite tanks, m = ±1, elliptic
case

by assuming % to be'approximated by

X = X
(317)

where the At are real, m is a positive integer, k is a root of
(3 13), and o is to be taken equal to J 0 Equation (3 17) is
approximate in that a more general periodic wave form would
require Fouiier series representation of which (3 17) is the
first term After substitution of (3 17) into (3 10), the vari-
ous trigonometric functions appearing are expanded into terms
each containing one of the products smcrt sinmfl, sin<r£ cosm#,
cosoi sinmfl, coscrZ cosw0, or higher harmonics of at The
higher harmonics are neglected because (3 17) is only the first
term of a complete Fourier series This general procedure
for the study of subharmonics is discussed by McLachlan 13

Equating coefficients of each of the four trigonometric products

WAVE NUMBER EQ (WALL CONDITION)

FOR|m|=2

•6 r6 -A 72 0 £ 4 6 8 1m/x

Fig 6 Wave numbers for finite tanks, m = ±2, elliptic
case

(318)

Fig 7 Subharmonic steady states, m = 0, elliptic case

previously listed to zero yields four equations on the unknown
amplitudes Ai

vBiAi + (ft + 0ft/er)A2 - (Ng/2ff)B*As = 0

(ft + gBi/a)Ai — pBiAz(Ng/2a)BzA^ = 0

BiAi - zftA3 - (ft + #ft/cr)A4 - 0

where the constants Bi are

ft =

ft = Km(k& ) (3 19)
The determinant of the coefficients of the At in (3 18) must
be zero for nontrivial solutions The resultant equation is
interpreted as specifying the acceleration N required to
maintain steady-state vibrations for a given w, a, k, v, and a
particular frequency 0 The set of possible steady states
traces a curve in the &,N plane It is assumed that this
curve separates regions for which the parabolic free surface is
stable or unstable as in the similar situation of a nonrotating
fluid12 and other applications 13

For axisymmetric waves, m = 0, BI = ft, and the value
of N obtained from the determinant of (3 18) is

N = + <7#i/0-)2 + ?W (3 20)
Numerical values of N computed from (3 20) are shown in
Fig 7 ; the forcing frequency 12 is represented by the ordinate
M/M»; where /*„ is the value of JJL at the natural frequency cor-
responding to the given value of k The dimensionless pa-
rameters ft and vr for the different curves are defined by

ft = kgl'*/a = vkg -1/2 (321)

v1 is a dimensionless damping coefficient, whereas $ is the
reciprocal of a Froude number The nonrotating case corre-
sponds to ft = oo , for which the results are known n The
region between the two branches of any curve represents un-
stable cases, whereas the remainder of the plane represents
stable points for which there is no subharmonic response
The effect of increasing speed of rotation corresponding to de-
creasing ft is to narrow the unstable region generally, and in
this sense the rotation is a stabilizing influence

Asymmetric modes, m ^ 0, describe the so-called sloshing
motions of which the lowest and principal mode is m = 1
The determinant of (3 18) is more complicated than for m =
0, but the general character of the results is the same There
are J subharmonics possible when the forcing frequency is in
the vicinity of twice a natural frequency For the undamped
case v — 0, the steady states are given by

N = (
(322)

Numerical results for m = 1 are shown in Fig 8 The fre-
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-J3 = oo

/—/3 = IO

Fig 8 Subharmonic steady states, m — 1, elliptic case

quency ordinate (JJL/'/*/) has been normalized using the mean
frequency jut/ of the free vibration frequencies of forward and
backward moving waves The curves for ft = oo again corre-
spond to the nonrotating case For {3 < °°, the intersections
of the curves shown with the vertical axis represent the free
vibration frequencies In this case, the spread of the free
vibration frequencies increases the range of instability at low
values of n

IV Solution for the Hyperbolic Case

When /z2 is greater than unity, the equation on %, (2 7), is
hyperbolic In this case, solutions that do not decay with
depth are found As a consequence, the wave forms and
frequencies are strongly dependent on container shape, and
only limited classes of solutions have been achieved

The characteristic surfaces of (2 7) are the cones
z = ±(M2 - l)1/2r + c (41)

where c is a constant A region R0 is defined as the space be-
tween the parabolic free surface and the characteristic cone
that is tangent to this surface Solutions of the first category
found are limited to the region R0 For this purpose, define
77! = z

772 = {(z

[-r2+ (2

l)-^2 +
[-r2 + (z

(42)

where the positive square root is taken throughout, and b is a
constant The coordinates 771, 772 are not orthogonal, and they
are real only in the region above the characteristic cone (4 1)
with c = — b, but it is found that (2 7) is separable in these
coordinates Free vibrations, forced vibrations, and sub-
harmonic waves may be studied for containers lying entirely
in RQ with sides and bottoms given by 771 = const and 772 =
const One form of the solutions found is

where Cm is a complex constant The frequency equation
for free vibrations and solutions for forced and subharmonic
waves are given in Ref 14 but are of limited interest, because
it is not found tractable to extend them below the region RQ
In principle, by the use of combinations and extensions of the
modes found, it is possible to satisfy boundary conditions for
arbitrary containers extending beyond Ro But, in practice,
this has not been achieved in any particular case

A second category of solutions possible in the hyperbolic
case is for slow rotations in which the slope of the free surface
is small Then the boundary condition (2 12) may be ap
plied on the surface 2 = 0, since z0 (2 3) is very nearly zero
Furthermore, (2 12) may be reduced to

X = Ngz<> sinQ* + 0(1 + N )~1w on z = 0
(44)

for the case v — 0 The free vibrations possible within this
approximation were given by Miles,3 and the treatment is
extended here to include forcing by vertical vibration

Consider a cylinder of radius a and mean fluid depth d
The appropriate solution of (2 7) satisfying the condition of
zero normal velocity at the bottom z = — d is

(4 5)

where Dm is a complex constant and k is determined by the
condition u = 0 at r = a which takes the form

kaJm
r(kd) + mjjiJm(ka) = 0 (46)

The frequency equation of free vibrations is found on sub-
stitution of (4 5) into (4 4) with N = 0:

- -n-i/21 (47)

Some roots of (4 6) and (4 7) are given in Ref 3
Although the surface is very nearly flat, a response at the

forcing frequency is still obtained in the present case when the
container is vibrated vertically By expanding ZQ from (2 3)
in a Fourier-Bessel series of terms of the form (4 5), it is found
that the response must be axisymmetric, and (4 4) yields the
amplitude coefficients The real solution achieved is of the
form (4 5) with Dneifft replaced by DQn sin<r£, where DQn is real
and given by

2Nu*[kQn*JQ(kQna)(l - cr»2/o-2) X
cos(AwQ(M2 - (48)

This forced vibration is similar to the elliptic case in that it is
proportional to N and contains the usual resonance phenom-
ena

Subharmonic response also may be produced as in the ellip-
tic case In place of (3 17), in the present case it is assumed

m = o
EXPERIMENTAL DATA

222 R PS 3-£-' DIAM

1033 R P S 8-^ DIAM

2 3 4 5 6
M

X = (43)
Fig 9 Comparison of theory and experimental natural

frequencies, m = 0, elliptic case
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that

X = + (D8
cos[k(z

X
(49)

where the Di are real, m is positive, & is a root of (4 6), and <r
is to be set equal to |0 for J subharmonics Substituting
(4 9) into the free surface condition (4 4) and using the same
procedure as in the elliptic case, an equation for the steady
states may be derived For the case m = 0, the end result is

= ±2(1 - (410)
This is the same result as for the undamped, nonrotating
elliptic case shown in Fig 7 with /3 = oo and vf = 0 Equa-
tion (3 20) reduces to (4 10) when p = 0 and o> = 0 The
steady states (4 10) separate stable and unstable states in
the N, & plane, as usual for such subharmonics

V Experimental Results
Experiments were performed using circular Lucite tanks

mounted on bearings on a vibration table so that the tank
could be simultaneously rotated about its vertical axis by an
electric motor and vibrated vertically Tanks 3 50 and 8 125
in in diameter and 24 in high were used filled to variable
depths with water To begin a test, the tank was first ro-
tated at constant speed until the water was rotating as a
rigid body Then a vertical vibration was applied The
various modes generated were identified by observing the
number of nodes of the free surface wave shape Both
forced waves at the forcing frequency and J subharmonics at
one-half the forcing frequency were observed

Resonant frequencies were determined by varying the vi-
brator frequency until the largest-amplitude wave was ob-
served in a particular mode, at which point the frequency was
read on the vibration control cabinet Data for the elliptic
case were obtained using a 3 50-in -diam tank rotating at

7°4%

THEORY

EXPERIMENTS

59 61
FREQUENCY <J

Fig 10 Comparison of theory and experimental natural
frequencies, m — 0, hyperbolic case

CUT-OFF
AMPLITUDE 02
( INCHES )

EXPERIMENTALLY DETERMINED
CUT-OFF AMPLITUDE
AS A FUNCTION OF ANGULAR SPEED FOR
FIRST AXISYMMETRIC SUBHARMONIC MODE

0 50 100 150 200
ANGULAR SPEED (RP.M)

Fig 11 Experimental cut-off amplitude for J subhar-
monic response, m = 0, elliptic case

2 22 rps and a 8 125-in diam tank rotating at 1 033 rps The
experimental points and the theoretical curve of frequencies
of free vibration (3 11), are shown in Fig 9 The different
points for a given tank represent different modes, all axisym-
metric with depths at least three times the tank radius The
agreement of the theory and experimental results is good

For the hyperbolic case, the 3 50-in tank was used rotating
at 3 92 rps Several depths of fluid were used, since the depth
has a strong influence in this case At each depth, several
resonant modes were observed The results are shown in
Fig 10 with the theoretical curves based on Eq (4 7) Again,
the agreement is good In the hyperbolic case there are
many modes close together, and the maxima of amplitudes at
resonances were not so clear or pronounced as in the elliptic
case

The J subharmonics observed were used to test the influ-
ence of rotation on the minimum vertical acceleration re-
quired to produce instability of the fundamental axisymmetric
mode Once a subharmonic was achieved, the vibrator
frequency and rotational speed were held fixed while the
amplitude of the vertical vibration was gradually reduced
until the surface waves disappeared This procedure was
repeated at various frequencies until a minimum amplitude
of vertical vibration required to support a surface wave was
established The cutoff amplitudes so determined are plot-
ted in Fig 11 The results confirm that rotation generally
increases the amplitude of the forcing motion required to pro-
duce instability
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Mach 8 to 22 Studies of Flow Separations Due to Deflected
Control Surfaces

D S MILLER* AND R HUMANf
Boeing Company, Seattle, Wash
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M E

Univei sity of Washington, Seattle, Wash

This paper describes measurements of separation phenomena obtained during a hypersonic
aerodynamic test program conducted in the Boeing Company 44-in Hotshot wind tunnel and
in the Arnold Engineering Development Center tunnel "B " Test results establish the in-
fluence on separation parameters exerted by systematic variations of model geometry and
Mach and Reynolds numbers Pressure and heat-transfer measurements are correlated with
Schlieren photography, temperature-sensitive paint, and oil-streak flow visualization data
Applications of theories are described

Nomenclature
Cf = skin-friction coefficient
CP = pressure coefficient based on Po, (P — Po)/qo
/8(1) = 147, Ref 16
KB = correction function to heating rate due to

gradient, Ref 10
It = interaction length, Ref 16
M = Mach number
n — exponent in expression P ^ Xn

P = pressure
St = Stanton number based on stagnation enthalpy
T = temperature
u = streamwise velocity
X — streamwise coordinate

= normal coordinate
= turning angle from freestream direction
= correction factor for linear flow, Ref 16

pressure

Presented as Preprint 63-173 at the AIAA Summer Meeting
Los Angeles, Calif , June 17-20, 1963; revision received October
23, 1963 The pressure and heat transfer tests being conducted
in the Hotshot wind tunnel are part of an internal Boeing aero-
dynamic research program The Mach 8 results presented
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Systems Division and Boeing investigation of aerodynamic inter-
ference effects Boeing personnel who have contributed sig-
nificantly to this program are the Boeing wind tunnel design and
operations group, E J Sears, and Richard McKenzie The
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Subscripts

BL = boundary layer
F = flap
FP = undisturbed flat plate
n — normal to spoiler
0 = beginning of interaction
p = plateau
s = separation point
W = wall
co = freestream

Introduction

FLOW separation effects are not completely understood at
low Mach numbers, but the body of empirical knowledge-

and the theoretical understanding that have been developed
can generally prevent, or quickly solve, flight problems re-
sulting from separation This knowledge of separation phe-
nomena from subsonic through low supersonic speeds was ac-
quired progressively over a period of approximately 40 to
50 years The extension of wind tunnel data to flight
regimes involved conventional wind tunnel scaling tech-
niques because wind tunnels simulated flight conditions
reasonably well

Approximately only 10 years have elapsed from the advent
of routine supersonic to orbital flight Thus, in huge steps,
flight progress has advanced far beyond present capability
to predict confidently the effects of the high Mach numbers


